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Based on an elementary version of Leopoldt’s conjecture due to Iwasawa and 
Sands we develop an algorithm for testing this conjecture in an arbitrary algebraic 
number field for any prime p. Using this algorithm we are able to prove Leopoldt’s 
conjecture for several pure fields of degree 5 and 7. We also discuss relations with 
class numbers. 1“’ 1987 Acadamc Press. Inc 
1. INTRODUCTION 
Fix a prime number p and an algebraic number field K; E, will denote 
the unit group of K. Leopoldt’s conjecture is that the p-adic rank and the 
free rank of E, are equal; cf. [2, 181. The latter rank is just the number 
r = rK of fundamental units of K. After choosing r embeddings of K into @ 
one can use the p-adic logarithm to define a p-adic regulator R,,(K); cf. 
[ 18, p. 711. This regulator is independent of the choices of the embeddings 
if K is totally real. Then Leopoldt’s conjecture is equivalent to the 
statement that for some choice of r embeddings, R,(K) # 0. 
Brumer [S] provided the main support for the conjecture by proving it 
for arbitrary p whenever K is contained in an abelian extension of an 
imaginary quadratic field. Emsalem-KisilevskyyWales [S] have proved it 
for arbitrary p when K is complex and normal over Q with Galois group 
Gal(K/Q) z A,. Beyond this, specific p and K for which the conjecture is 
known to hold are scarce indeed. Other results only give sufficient con- 
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ditions and require information about the class group of K(<,,), i,, a 
primitive pth root of unity; cf. [3, 10, 11, 13, 161. 
The question then arises as to how to verify the conjecture for a specific 
p and K. First, one needs a maximal system of independent units and this 
can be computed by means of one of the methods [7, 15, 171. Working 
with R,(K) promises to be complicated, so we first develop an especially 
simple statement of Leopoldt’s conjecture in Section 2. This leads to an 
easy criterion for the truth of the conjecture. Using this criterion we 
develop in Section 3 an algorithm for verifying the conjecture which can be 
easily implemented on a computer because it only requires basic techniques 
for computations in algebraic number fields. Finally, in Section 4 we use 
this algorithm to confirm Leopoldt’s conjecture in pure fields of degree 5 
and 7 for various primes. A connection with class numbers is discussed. 
2. REFORMULATION OF THE CONJECTURE 
If (1 is an ideal in the ring of integers PA of K. we put 
EJn)= (EEE,JE- Imoda). 
Also, for (x in (iK we put E,(z) = E,(a&,). The following key reformation of 
Leopoldt’s conjecture appears in [ 161. 
THEOREM 2.1. Leopold ‘.s conjecture (LC ) for the field K and t/w prime p 
(LC( K, p)) holrls {f and on/>, if.for each positke rational integer a there e.uists 
LI positiw rational integer m such that E,( p”‘) c E2.l. 
We will derive a criterion which uses only a = 1 and does not require the 
full unit group. Towards this end, let D be a subgroup of finite index in E, 
and for a and x as above set D(a)= E,(a)n D and D(a)= E,(r)n D. 
PROPOSITION 2.2. LC( K, p) holds if and only lf,fbr each positioe integer a 
there exists a positive integer m such that D( p”‘) c DI’“. 
Prooj: First suppose that the condition on D holds. If a is given we will 
find m such that EK(prn)c E$‘. 
Let the index of D in E, be (E,: D) =p’/s, p Is, and let p’ be the power 
of p dividing the order of the multiplicative group (O,/p’Cq,)*. By 
increasing a if necessary, we may assume that a 3 1. Our hypothesis 
implies the existence of r?~> 2 such that D(p”‘) c DpCJcd, and we claim that 
EE;(p”‘)c EC for this tn. 
Suppose E is in E,(p”‘). Then 8 is in D(p”) c Dp” and 
p” * Cl = F”’ = 1 modp for some 6 in D. Hence 6 has p power order modp, 
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and so 6”‘~ 1 mod pz by the definition of 1. Likewise, hpU = 1 mod pz since 
u 3 1. Then (~‘/fi~“)~~ = 1 and cJ/fiP” = 1 mod p2 imply that e”/6”’ = 1 or 
E’ = 8’“. Hence c2 is in Eg and since p i s we conclude that E lies in E”,“. As E 
in EJp”‘) was arbitrary, this establishes our claim. 
Now suppose that LC(K, p) holds. By the Artin-Rees lemma [ 1, p. 1071 
there exists a positive integer h such that for all ~‘>h, 
DnE$=(DnE<)“‘? Given a, put c = u + h. By assumption there exists 
nz such that EK(pm) c Es. Hence 
D(p”‘)= DnE,(p”)c Dn EC =(DnEp,h)p”~ Dp”. 1 
LEMMA 2.3. Let p he a prime ideal of K containing p and let e 2 1 he the 
exact power ef +J dividing p. ( We write p” 11 p.) Put q = min(e, p - 1) and let 
M be the smallest integer strictly greater than e/(p - 1). Suppose E is in E,. 
(i) [f‘ E lies in EK(p”), n 3 1, then .9’ lies in EK(~“+“); E” lies in 
E,( p’+” ), bthen n 3 e/(p - 1 ). 
(ii) Conversely, suppose thut either t: is in E,(pn’) or that p - 1 j e. 
Then f lying in Eti(p”+’ ) implies that E lies in E,(p”). 
Proof: Write E = 1 + c1 and suppose that pNIIa, so ~~ = 1 +pa + + up. 
The omitted terms are divisible by pi’, while p’+ Nllp~, ppNIIctP. 
(i) follows from this since we have e + N 3 q + n and pN >pn = 
(p-l)n+n>p-l+n>q+n whilepN>e+Nfor N>n>e/p-1. 
For (ii), we note that in either case pN # e + N, so pAll~P - 1 with 
A =min(pN, e + N). If E” is in EK(pC+“), then we must have 
e+nbAde+N,son<NandEisin E,(pN)sE,(p”). 1 
Factor p in K as 
and let 
when this is integral, 
otherwise. (2.1) 
Set 
q= fJ py. (2.2 ) 
,=I 
Recall that (Eh.: D) < rx~ and note that (EK: E,(q)) < 05 since E,/E,(q 
injects into (OK/q)*. 
) 
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PROPOSITION 2.4. Suppose that D c E,(q). Then LC(K, p) holds if and 
only lf there exists an integer m such that D( p”) c Dp. 
Proof: Assuming LC(K,p), the condition on D is clear from 
Proposition 2.2. Now assume the condition on D holds, so for some fixed 
m, D( p” ) c Dp. Since D c E,(q), Lemma 2.3 (ii) and the Chinese Remain- 
der Theorem imply that D(pm+ ’ ) c D(p”)“. We prove by induction on a 
that D(p”+“) c D(P”‘)~“ c Dp”. Proposition 2.2 will then complete the 
proof. 
The case a = 1 has been established, so we proceed to the inductive step, 
assuming that D(p”+“) c D(P”‘)“~. If E is in D(pm+‘+‘) c D(p”~+“) then 
E E D( /I”‘)“, and E = /I”, BED. Now Lemma 2.3 (ii) applies, and from 
8” E EK( p’” + (’ + ’ ), we conclude that /IE Ek(p”‘+“). As BED, we have 
/jeD(pmfU) and hence EE D(pm+o)p, so D(P~+~+‘) c D(P~+‘)~. Since 
D(P”‘+” )cD(~“)~O we have D(pm’ui’)cD(pm)pU+‘. 1 
Let r=rK be the free rank of E,, and let q be as in (2.2). Note that 
E(q)/E( p”‘) is a p-group for each IYI (by Lemma 2.3(i), e.g.) 
COROLLARY 2.5. Suppose that D c E,(q) is ,free Mith generators 
Cl, E?, . . . . E,. For each positive integer m, and each E, let ki(m) be a power 
of‘p such that $I(“‘) E Ek(p”‘). Then LC(K, p) holds if and only iffor some 
positive integer m the following is true: Whenever a,, . . . . a, are integers 
satisjving 0 da, < k,(m) for each j, and a,, = 1 for some jO, we have 
n;=, ~7 & 1 modp”. 
Proof: Since D has rank r, (E,: D) < co. If LC(K, p) holds, we apply 
Proposition 2.4 and there exists m such that D(p”) c Dp. Then with aj as 
specified, n;= 1 E? $ Dp, because a,O = 1. Hence nJ=, ~7 $ D(p”). 
Conversely, suppose that the condition involving the a, holds for some 
fixed m. We proceed by contradiction assuming that LC(K, p) fails to hold. 
Hence, D(p”‘) d Dp by Proposition 2.4. So suppose E E D(p”), E.$ Dp. We 
write I: = n;=, cfi and necessarily p,/ b,, for some j,. Then as k,(m) is a 
power of p, (h,, ki,(m)) = 1 and ub,,+vk,,(m) = 1 for some integers x, J 
with pi X. So ~‘4 D”, E’;E D(p”‘). On the other hand s.;p(m)~ Dp n D(p”). 
So we may replace E by ~~s;~fi)(“” = n;= , ET with a,” = 1. Likewise, we may 
assume that O<a,6 k,(m) for each j. Now the condition involving the ai 
holds, yet n;= , ET = 1 mod p’“, yielding the contradiction. 1 
Corollary 2.5 suggests that one should check whether or not 
n EYE 1 modp” 
,=1 
for every r-tuple (a,, . . . . a,.) with 0 < aj < k,(m) and one of the a, = 1, for 
m = 1, 2, . . . . until one finds a value for m such that a non trivial relation of 
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this kind does not exist. This would mean that the number of tests at each 
stage is C;=, n;= ,,,+, ii;(m), which could be a quite large number since the 
ki(nz) are p-powers. It turns out, however, that on “level nz” one only has to 
check those r-tuples of exponents which “come from” failures at the 
previous level. More precisely, we have 
LEMMA 2.6. Let nz > 1 and assutne that (a,, . . . u,) E Z’ \cith n:=, of” = 
1 mod p”‘. Then there esi.vt.s (N’, , . . . . a:)EZ’ ,t,ith O<aj<h-,(m- 1) for 
1 <,j d r and n;=, E:” E 1 mod p”’ ‘. In particular, if' one of' the a,‘s is equal 
to 1, then the corresponding ui is also equal to 1. 
Proqf: Since $1”” ’ I = I mod /I”’ ‘, we can choose u; as the smallest 
positive residue of u, modulo li,(~r - 1 ). 1 
This lemma shows that we can proceed as follows: Suppose that we 
know that (a’, ,,..., u:.,), 1 < 16 N’, are the only r-tuples in L’ with 
0 6 a,, < ki(~rr - 1 ) for I ,< j< r and I < 16 N’. one of the numbers u;,. . . . . tr:, 
equal to I and n;- , 6;“” = 1 mod p”’ ’ for 1 < 1~ N’. Then we find all the 
non trivial relations for the modulus p”’ among the r-tuples 
(u;,+,f’,k,(nl - 1 ), .__, u;, +,f;.k,(nl - 1 )) 
with 0 d f; < li,(m)/X-,(nl- 1 ) for 1 <,j d r. We also know that one of the ,I; 
has to be 0 as one of the exponents is equal to 1. 
Finally in this section we note that it is only necessary to compute ki(nz) 
in the beginning of our test because we can use pk,(nr ) for li,( or + 1) when 
LIZ 3 2, by Lemma 2.3. 
3. THE TES-I 
We now use the results of the previous section to design an algorithm for 
testing LC(K, p). First. we review the basic computational techniques. We 
assume that we know an irreducible manic polynomial f E Z [.Y] such that a 
root z of,fgenerates K over Q. We let d be the index of the order generated 
by 1, c(, a’, . . . . 2” ’ in Pi.. Then every integer x of K can be uniquely 
represented as 
where the coefficients a, are rational integers. We define 
a = (a,, _... u,,). 
Also, for two integers z, b of K we can easily compute afl by using reduc- 
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tion modulo .f, provided we know a and p. Finally, for every exponent 
k E L + we can compute the power uk by means of the well-known squaring 
technique; cf. [ 12, p. 4411. 
We now discuss how to check whether an integer of K is congruent to 1 
modulo p”’ for some m E Z +. For this purpose we need 
DEFINITION 3.1. Let k E Z + , c( E I”, and let a = (a,, . . . . a,,). We write 
a=1 modp” 
if and only if n, -dmodp’ and cr,-Omodp’ for 26i<m. 
We also let L E Z2’ such that 
P  ^II d. 
Then we clearly get 
LEMMA 3.2. Let G( E Lr’ ,,,mz+. 
Jf’ a E 1 mod p”’ + ‘, then (x s 1 mod p”‘. 
!f’ CI = 1 mod p”‘, then a E 1 mod p”‘. 
Next we describe the construction of the unit subgroup D. Let vi, . . . . q, 
be a system of independent units of K. We assume that we know q,, . . . . n,. 
We calculate positive integers h,, . . . . h,. such that 
Ep=i$E 1 mod p:“f for 1 < i<g, 1 <,j< r. 
Here M, and are as defined in (2.1) and (2.2). Then we have E, E E,(q) for 
1 <,j < r, because the ideals p , , . . . . p, are pairwise prime. Therefore, we may 
choose D to be the subgroup of E, generated by c,, . . . . E,. 
Actually, it is sufficient to choose b, such that 
qfi= 1 modph+i, (3.1) 
with h = 2 for p = 2 and h = 1 otherwise, because Mi < be, for 1 d id g. 
If h, cannot be obtained from the particular shape of qj we can use the 
following construction: Let c be the least common multiple of 
N( p , ) - 1, . . . . N( p,) - 1. Here N( p,) denotes the absolute norm of p, which 
can be obtained from the factorization off modulo p, if p does not divide 
the index d. This factorization can be performed by means of one of the 
algorithms described in [ 12, p. 4201, for example. If p divides d, then we 
can choose c to be the least common multiple of p - 1, pz - 1, . . . . p” - 1. 
Then we put bi= chJ, where bj is the least p-power such that (3.1) holds. 
After we have determined the E, for 1 <j< r, we can perform the test of 
LC(K, p). Since one can only prove but not disprove LC(K,p) by using 
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Proposition 2.5, we need to fix a maximal exponent m, up to which we 
want to carry out the test. It is then sufficient to know the coefficients ofj 
and the coordinates of E; modulo ~“‘0. 
Also, during the test with a certain m we only need to calculate all the 
integers modulo pm. This is very useful because doing so we can avoid 
integer overflow. 
Now the results of the previous section give rise to 
Algorithm 3.3. 
Input: The generating polynomial f‘and the “units” E,, . . . . E,. 
The integer m,. 
Output: The integer m: If nr d nr,, then LC(K, p) holds; but if m > mo, 
then LC(K, p) could not be proved. 
I. Initialize: nr +- 1, N’ t I. k;, + 0 for 1 <j< r. 
2. Determination of k,(m): 
For 16j6r: 
If lii(m - 2) < k,(m - 1 ), then 
k,(m ) +- pk,( m - 1). 
Else 
Compute the minimal 1 E Z + such that 6;’ = 1 mod p”‘+ ‘. 
Put k,(m) t p’. 
3. Test of LC(K, p). 
(a) lfki(m)=l for aj (l,...,ri then 
m + 111 + 1. 
If IY~ cm,, then return m and stop. 
Go to 2. 
(b) N+O. 
For 1 <I< N’: 
For every (,{, , . . ..J.) E L’ with 0 <A < ki(m)/kj(m - 1) 
for 1 <,i < r and with ,f,k,(rn - 1) + kj, = 1 for some 
j form the exponent r-tuple lij = kj, +f;ki(m - 1). 
For 1 <jdr: 
If ctl E:’ = 1 mod p”’ ’ ‘, then N + N + 1, k,,V +- k, 
for l6jdr. 
If N =O, then return m and stop. 
m t m + 1. 
If nz > m,,, then return m and stop. 
N’ + N. 
k;, + k,, for 1 <,j < r, 1 6 j < N’. 
Go to 2. 
Here is the justification for the algorithm. 
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We know from Lemma 3.2 that E, k~(m’ E 1 mod pm for 1 <j < r. If there is 
a non trivial relation between the 8, modulo pm+’ then by Lemma 3.2 we 
will discover this relation in step 3. On the other hand, each non trivial 
relation that we discover in step 3 is a non trivial relation between the ~~ 
modulo p’“. Hence, if D(p”‘) G D”, and m 6m,, then the Algorithm will 
prove LC( K, p). 
We remark that one can certainly use an integral basis instead of the 
power basis. Then one could avoid the trouble with the index divisors. An 
integral basis of F, however, is hard to determine in general (for a practical 
method see [9]). 
4. NUMERICAL RESULTS 
In this section we present numerical results for the fields K which are 
generated by a root CY of the polynomial 
f(x) = x4 - d, 
where q = 5 or q = 7 and d is a rational integer not divisible by q. From [4] 
we know that the index of CI is either 1, namely if d” f d mod q* or it is q, if 
d” = d mod q2. For q = 5 we used fundamental units for the orders Z[a] 
which were computed by the method of [6] and which are listed in 
Table I. Note that the fundamental units for these orders are published 
here for the first time. For q = 7 we used the maximal systems of indepen- 
dent units which were presented in [7]. These units are listed in Table II. 
We found the following decomposition of the primes. 
P Condition Decomposition NP,) N(P,) 
2 2ld PIP2 
2 2ld PI4 
3 3ld PIP2 
3 3ld P14 
4 d5 E dmodq’ PI4 
9 d = dmod q’ PIP;- l 
For the decomposition of q see [4]. 
2 24- 1 
2 
3 34- 1 
3 
9 
4 9 
The first m which we have tabulated in each case is the minimum m such 
that k,(m) > 1 for 1 <j,< r. We also have listed kj(m) = oj and the r-tuples 
a,, . . . . a, such that E:’ . . . E: E 1 mod p”‘. Note that the test always succeeds 
in proving LC(K, p) with m < 5 and for p > 2 even with m < 3. Some of our 
examples were chosen to investigate a connection with class numbers. 
According to Sands [ 163 EK(p2) c E”, if p does not divide the class number 
h of the field obtained by adjoining a primitive pth root of unity to K. 
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d cl 
TABLE I 
Fundamental Units of the Orders E[$] 
c2 e3 e4 e5 
2 -I 
I 
3 2 
-1 
6 31 
-61 
1 3807 
-104 
II 76 
-21 
I2 144241 
23Y 
13 337 
-!2 
14 3431623098751 
IO023 
I7 ~ 24904 
~ 1019 
18 4070159 
-I 
19 514 
-I 
21 9465358897 
~ 12601 
22 - 14961 
1 
23 -15141820277 
-461 
24 4Y201 
2353 
26 - 1431 
69520425 I 
28 751512785941 
-139 
29 1567277 
~ 1161 
I 
0 
-6 
28 
-47 
~ 2629 
-21 
29 
-8 
-45595 
-121 
367 
-8 
402879009495 
7493 
4501 
548 
~-51605617 
-46 
30 
-32 
4621635066 
- 6066 
9968 
25 
3415402054 
- 2264 
4822 
1282 
557 
-6778549987 
250495796607 
67 
174287 
264 
-1 
-I 
-5 
-3 
- 33 
~ 2849 
39 
-18 
5 
-8503 
II 
I5 
2 
1341000658860 
- 756 
3886 
- 103 
-- 19172695 
-19 
-148 
-12 
-1246899717 
- 2686 
7665 
I1 
5447511321 
2093 
~ 12222 
676 
-81 
-2372359169 
995457753 
-6 
-551360 
84 
- 
0 
-1 
-1 
-4 
-15 
-23 
14 
26 
-18 
5 
25245 
22 
-126 
4 
348703103855 
-2883 
-5017 
-41 
9592838 
6 
- 60 
5 
-1786618397 
- 1488 
-342 
-2 
823881429 
-1160 
-5353 
341 
-83 
1077212803 
57788581884 
-6 
409607 
- 138 
-I 
0 
0 
-3 
-5 
-16 
1314 
-7 
0 
0 
-21703 
-33 
-52 
I 
339507106265 
~ 788 
3355 
94 
9359435 
I 
25 
5 
-231690848 
- 1000 
~ 2340 
-3 
-1282223788 
405 
1676 
181 
92 
991444568 
-50642462304 
IO 
- 194592 
92 
LEOPOLDT’S CONJECTURE 
TABLE II 
Independent Units for the Orders Z [$I 
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d el r2 e3 r4 ES e6 el 
2 I 
-I 
-I 
3 I 
IO 
I 
5 1 
4 
II 
6 -11 
-19 
-I 
IO -9 
61 
1063861 
I2 ~ 2331 
- I2239 
-8735 
13 I 
12 
I57 
15 -61 
~ 629 
- 97319 
1 
2 
0 
9 
5 
I 
5 
-8 
22 
-II 
-1 
5 
46 
765644 
I35 
138039 
5149 
0 
-1 
595 
-5 
-1412 
-71262 
I 
0 
8 
5 
2 
-3 
-3 
-1 
- 10 
-3 
7 
37 
55125 
I290 
74750 
-2165 
I 
-6 
~ 259 
-8 
722 
- 7890 
I I I I 
I -1 0 I 
-I 0 -I -1 
0 I 0 0 
7 6 5 4 
4 3 3 2 
I -1 -I 0 
-I -3 0 1 
5 I -4 1 
-13 5 6 -5 
-9 -6 -4 -4 
-5 -5 -3 -I 
I I -I I 
29 21 I4 9 
396563 285402 205399 147823 
1045 271 - 266 -365 
75562 II8056 - 57373 4362 
202 786 -1111 1013 
2 I 0 0 
-6 -I I 2 
~ 206 188 41 -103 
29 2 5 -5 
439 -463 -63 231 
31313 33639 16409 -15 
When p - 1 does not divide the ramification index e = e(p Ip) of each prime 
divisor p of p in K, this further implies that EK($) c E,(p)” by Lemma 
2.3, and Leopoldt’s conjecture is true. Hence, if the E, generate D with 
( EK( p): D) prime to p, our algorithm will return nz = 2 when it investigates 
whether D(p’“) c Dp. In the case of K= Q(” 4) and p = q. Parry and 
Walter [ 141 have determined whether or not p divides hKCir), and this was 
our motivation for including these examples. 
For p = q = 5, the theory just mentioned and [ 141 allow us to conclude 
that E,(5’)c E,(5)’ for K= Q($) when d=2, 3, 5, 13, 15, 17, 20, 23. 
Although we do not necessarily have D = E,(5) in the algorithm, we see 
that D = E$’ since our original units were fundamental. Tables III and IV 
do in fact show that the smallest possible value m = 2 is returned, 
indicating that D(52) c D(5). This in fact implies EK(5*) c EJ5). 
One may be curious to know whether p dividing hKcCr, would force a 
larger value of m to be necessary. 5 divides hK,rs, when K= Q( 3) and 
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TABLE III 
Test of LC(K,p),K=Q(,+) 
d hi h2 1,1 0 1 02 ul a2 
p=2 
2 x 4 
3 15 15 
6 4 8 
7 
11 
I2 
15 
15 
x 
15 
15 
8 
13 
14 
15 
x 
I5 
8 
17 
IX 
15 
X 
15 
4 
19 
‘I 
22 
15 
IS 
4 
15 
IS 
8 
23 
24 
‘6 
15 
2 
8 
IS 
7 
x 
28 8 8 
29 15 15 
p=3 
2 
3 
6 
80 80 
IX 6 
18 18 
7 80 80 
11 80 80 
2 
3 
2 
2 
3 
2 
2 
7 
3 
4 
7 
2 
3 
4 
5 
7 
2 
3 
4 
7 
2 
2 
2 
3 
4 
2 
2 
7 
3 
4 
5 
7 
3 
4 
2 
2 
7 
2 
3 
2 
2 
7 2 
4 4 
2 2 
2 2 
4 4 
2 2 
2 2 
2 2 
4 4 
8 8 
2 2 
2 2 
4 4 
x 8 
16 16 
2 2 
7 2 
4 4 
x 8 
16 16 
2 3 
2 2 
2 2 
4 4 
8 8 
2 2 
7 7 
7 2 
4 4 
8 8 
16 16 
3 2 
4 4 
8 8 
2 2 
I 1 
1 1 
I 
I 
I 
I 
1 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I I 
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d bl b2 ,,1 01 02 al a2 
12 18 I8 
13 80 80 
14 80 80 
17 80 80 
18 18 I8 
19 80 80 
21 6 6 
22 80 80 
23 X0 80 
‘4 18 I8 
26 80 80 
28 80 80 
29 80 80 
p=S 
2 
3 
6 
I 
II 
I2 
I3 
14 
I7 
I8 
19 
21 
22 
23 
24 
26 
28 
29 
20 
20 
20 
20 
20 
20 
20 
4 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
20 
2 
3 
2 
2 
3 
2 
3 
2 
2 
3 
2 
2 
3 
2 
2 
2 
2 
2 
2 
3 
2 
3 
2 
3 
2 
3 
2 
2 
2 
2 
3 
2 
2 
3 
2 
2 
2 
3 
2 
3 
2 
3 
2 
3 
9 
3 
3 
3 
3 
9 
3 
3 
9 
3 
3 
9 
3 
3 
3 
3 I 1 
9 
3 
3 
3 
3 1 2 
9 2 1 
3 
3 
3 
3 
3 I 2 
9 
3 
3 
3 
5 5 
5 5 
5 5 1 3 
25 25 2 I 
5 5 I 4 
25 25 4 1 
5 5 1 2 
25 25 3 1 
5 5 1 2 
25 25 3 1 
5 5 
5 5 
5 5 
5 5 1 2 
25 25 3 1 
5 5 
5 5 I 3 
25 25 2 1 
5 5 
5 5 
5 5 I 1 
25 25 
5 5 1 4 
25 25 
5 5 1 2 
25 25 
5 5 
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TABLE IV 
Test of LC(K,p), K= QP~$) 
d 
p=2 
2 
3 
5 
6 
10 
12 
13 
15 
p=3 
2 
3 
5 
6 
IO 
12 
I3 
I5 
p=l 
2 
3 
5 
6 
IO 
I2 
I3 
I5 
hl h2 h3 n, 0 1 02 03 al a2 a3 
8 4 4 
63 63 63 
63 63 63 
4 8 8 
4 
x 
4 
8 
7 
; 
4 
2 
2 
2 
3 
4 
5 
7 
i 
2 
4 
3 
2 
2 
2 
3 
2 
2 
3 
2 
2 
2 
2 
3 
2 
2 
2 
2 
3 
2 
3 
2 
3 
-I 
; 
7 
3 
2 2 1 
4 4 4 
8 8 8 
2 3 2 
2 2 2 
2 2 2 
4 4 4 
8 8 8 
16 I6 I6 
2 2 2 
4 4 4 
2 2 2 
1 
3 
8 
2 
2 
3 
3 
Y 
3 
3 
Y 
3 
3 
3 
3 
9 
7 
7 
7 
7 
49 
7 
49 
7 
49 
7 
49 
7 
49 
8 
2 
2 
3 
3 
9 
3 
3 
Y 
3 
3 
3 
3 
Y 
7 
7 
7 
7 
49 
7 
4Y 
7 
49 
7 
49 
7 
49 
8 
2 
2 
3 
3 
Y 
3 
3 
Y 
3 
3 
3 
3 
Y 
7 
7 
7 
7 
49 
I 
49 
7 
49 
7 
49 
7 
49 
63 63 63 
63 63 63 
72x 728 72x 
IX 18 I8 
72X 728 72X 
IX IX I8 
72x 728 72x 
6 18 IX 
72X 728 72x 
IX IX 6 
I I 
0 1 
I I 
42 42 42 
42 42 42 
42 42 47 
42 42 42 
42 42 42 
42 42 
42 42 
42 
42 
42 
42 42 
I 5 
3 I 
5 4 
I 3 
4 5 
5 1 
I 6 
5 2 
6 I 
I I 
5 5 
I I 
2 2 
1 
3 
1 
3 
3 
I 
1 
1 
0 
I 
I 
I 
0 
3 
2 
I 
7 
; 
3 
3 
1 
4 
3 
I 
4 
1 
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d= 6, 11, 12, 14, 19, 21, 22, 28, 29; while 5 is totally ramified in each of 
these fields, so e(p, 15) = 5 and 5 - 1 R e(p, 15). Yet we still obtain m = 2 
from the algorithm and then EK(5’) c EK(5)5 for d= 14, 19, 22, and 29. 
Otherwise m = 3. 
The remaining cases of d = 7, 18, 24, and 26 are those which fail to 
satisfy 5-l 4 e(p, 15) and are also exactly the cases where the order Z[ $1 
is of index not 1 but 5, so we may not be starting with fundamental units. 
In each of these cases the algorithm returns m = 3. 
When p = q= 7 we do not know fundamental units. However, it is 
interesting to note that 7,/ Iz~(~,) for K= (,%i) with d= 2, 3, 5. And these are 
precisely the cases when the algorithm returns m = 2. (7 - l,/ e(p, 17) in 
each of these examples.) 
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